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It is proved in this paper that the arc omitted by a support point of the class S 
is a half-line if the corresponding functional is of rational type and the omitted arc 
has a radial angle of +a/4 at its tip. c 1991 Academic Press, Inc. 
1. INTRODUCTION 
Let A be the linear space of all functions analytic in the unit disk 
D = {z : Jz( < 1 } with the usual topology of uniform convergence on compact 
subsets. Let S be the class of functions analytic and univalent in D with 
f(0) =f’(O) - 1 = 0. Then S is a compact subset of A. A function f~ S is 
said to be a support point of S if it maximizes Re{L} over S for some 
continuous complex-valued linear functional L which is defined on A and 
nonconstant on S. It is well known Cl] that f is a support point of S, then 
f maps D onto the complement of an analytic arc r with increasing 
modulus from a finite point w,, to infinity and satisfying the differential 
equation 
Gw)$O, f2 4(w)=L f-w . ( > (1) 
The function 4 is analytic on r, and Re d(w) > 0 at all interior points of r, 
which implies that r has a radial angle less than &n/4 in magnitude 
everywhere except perhaps at its finite tip w,,. If r has a radial angle of 
&n/4 at its tip wO, then in addition to (1) the arc r satisfies the second 
differential equation 
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Furthermore, if L is a functional of rational type (see [2]) and d(w) has 
no zeros of order two, then f is a half-line. Our result just eliminates the 
above last double zeros hypothesis and therefore answers afftrmatively the 
question raised by P. L. Duren, Y. J. Leung, and M. M. Schiffer in [2]. 
2. THEOREM 
THEOREM. Let f be a support point of S which maximizes Re { L > ouer S, 
where L is a continous linear functional of rational type. If the arc I- omitted 
by f has a radial angle of fzJ4 at its tip w,,, then r is a half-line. 
Proof. From the equation (1) and (2) it follows that the arc r satisfies 
the differential equations 
(4) 
where 4(w) is a rational function. Let z, and z,, be the points on the unit 
circle at which f(zo) = w,, and f(zr) = co. In a standard manner from (3) 
and (4), we can conclude that w = f(z) satisfies the two differential equations 
where Q and R are rational functions. Aside from double zeros of Q at z0 
and of R at z,, both functions are real, positive, and finite on the unit 
circle. 4(w) has a simple zero at infinity, f(z) - w,, has double zeros at zO, 
and f(z) has double poles at zl. From (6) it can be concluded that 
Q’(wcJ f0 PI. 
Let g(z) = l/f(z), U= l/w, P(u) =4(w), and u0 = l/w,. Then from (5) 
and (6), we conclude that U= g(z) satisfies the following differential 
equations and P(u,) # 0, P’( uO) # 0: 
P(u) ; 2 =z+Q(z), 
0 
[P(u)-P(u,)] (l-:)-*($)1=_- ‘R(z). 6) 
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[P(u) - P(%)l u* R(z) 
(u-24JP(u) =- Q(z)’ 
The differential equations (3) and (6) give a simultaneous glob01 analytic 
continuation of g to a possible multiple-valued algebraic function G which 
satisfies (7). 
We now show that G(z,) = 0 in every branch of continuation. Otherwise, 
G would have one of the local structures 
u=G(z)=c(z-z,)-"+ . . . . c # 0, a > 0, (8) 
u=G(z)=o+c(z-z,)*+ . . . . c#O,a>O,o#O,u,, (9) 
u= G(z)=u,+c(z-zl)*+ . . . . c # 0, a > 0. (10) 
Putting (8) into the equation (T), we obtain that P(c0) = 0. Putting (8) 
into the equation (g), we obtain that - 2 = 2 because P(uo) # 0. Therefore 
(8) is impossible. 
Now suppose that G has the local form (9). If P(U) has a zero of order 
ma0 at o, then (3) gives ma+2(u- 1) =O, while (5) gives 2(a- 1) =2. 
This is impossible. If P(U) has a pole of order m 3 1 at o, then (3) gives 
-ma + 2(c( - 1) = 0, while (8) gives -ma + 2(cr - 1) = 2, which is impossible. 
If G has the local form (lo), then (3) gives 2(a - 1) =0 or 0: = 1, while 
(6) gives - CI + 2(c( - 1) = 2 by P’(uo) # 0. This shows that (10) is impossible. 
Having now eliminated all three of the local structures (8), (9), and (lo), 
we have shown that G(z,) = 0 in every sheet of the analytic continuation. 
Thus (3) and (6) give that G has the local form 
G(z)=c(z-z,)*+ . . . . c # 0. (11) 
Because P(uo) # 0 and P’(0) # 0, the equation (7) can be expressed as the 
form 
2.4 + o(u) = O((z - z,)2), (z-+z,, u+O). (12) 
The equation (12) can be expressed as 
cp(u) = WL (13) 
where q(u) and ll/(z) are analytic at u = 0 and z=z,, respectively, with 
t,Qz) having double zeros at z1 and q’(O) = 1. It follows that under the 
condition h(z,) = 0, the equation (7) has a unique local solution 
h(z) = cp ~’ 0 $(z), valid in some neighborhood of zi. This function h(z) is 
just an analytic continuation of g to a full neighborhood of zl. 
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Using the usual method as in [l, 21 we can prove that G is a single- 
valued function and therefore a rational function. In other words, g 
furthermore, f is a rational function. From Theorem 4 in [2], we conclude 
that r is a half-line. This completes the proof. 
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